Math 215 — First Midterm
October 10, 2019

First 3 Letters of Last Name: D D D UM Id#:
Instructor: Section:

1. Do not open this exam until you are told to do so.

2. This exam has 13 pages including this cover. There are 8 problems. Note that the problems
are not of equal difficulty, so you may want to skip over and return to a problem on which
you are stuck.

3. Do not separate the pages of this exam, other than the formula sheet at the end of the exam.
If they do become separated, write your name on every page and point this out to your
instructor when you hand in the exam.

4. Please read the instructions for each individual problem carefully. One of the skills being
tested on this exam is your ability to interpret mathematical questions, so instructors will
not answer questions about exam problems during the exam.

5. Show an appropriate amount of work (including appropriate explanation) for each problem,
so that graders can see not only your answer but how you obtained it. Include units in your
answer where that is appropriate.

6. You may use no aids (e.g., calculators or notecards) on this exam.

Turn off all cell phones, remove all headphones, and place any watch you are using
on the desk in front of you.
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1. [15 points] The sides of the cube below have length six. The points p and ¢ are at the midpoints
of their respective edges. Let T' be the triangle with vertices a, p, and gq.

the

P
»

» D

73
6 6

b}
a. [8 points] What is the area of T°?

a=(boo), P=006 3, §=00,36)

a

Avea CT) = L (0P x g |
op = (b, 6,3), MD (~6.3.6)

(1_\3 X Fb = (2%, (§.(8)

3 Avea(T) = 3 (29 +ge @ =

b. [7 points] If 0 is the smallest angle of T, what is cos(6)?
R A L
o5 9 = - (\ q
loy| (0
op-0% = (=b)(-6) +6-3 % 36 = 2

\op\ = \R—e\% 6+y = 9.
\ 0y | =] co+3+et =1
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2. [15 points] Indicate if each of the following is true or false by circling the correct answer.

a. [3 points] For any two vectors u and v, we have |[u+ v| = |u| + |v|.

True W False \

W=U.00), g = (-,0,0)
3 \U\*’rv\ =|(o.©:0)| = O, R+ G\ = \ sV =2,

b. [3 points] For any two vectors u and v, we have |u x v| = |v x ul.

True False

Ay = mWa ] = (UxWN

c. [3 points] If q(t) is a differentiable vector valued function, then % la(t)] = |d'(t)]-

True False

k) = (cost, Sint, 0y 3 14dl=| 3 4w =0

) = (~sub, (ost,0) D (gl = |

d. [3 points] Different parameterizations of a space curve C result in identical tangent vectors

at a given point on the curve.

Yitt) = Ccosty Sm€,0) and F;,Ct\ = ( te§ 2, Sm 2t 0)
Parawetze 4he Game dCirde, buk }-‘:'dﬂ * F;'ct) ‘

[3 points] If u and v are two unit vectors in R?, then the curve parameterized by r(t) =

/ ' cos(t)u + sin(t)v is a circle.
-T\\‘CS S tvae True False I
& R,V are R:(\,o.o), N =C\.00)
o\-\-\r\ﬁowa\

3 v)2 (ot+smt, 0,0) s wok o cinde

as o+ ow\~3 \meove s u\owa e K-—oxig
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3. [15 points] Beginning at the center of a disk of diameter 50cm, a ladybug crawls along a radius
at a speed of 4 cm/sec. Meanwhile, the disk is turning counterclockwise about its center at 1/3
revolutions per second. If we assume that the origin is at the center of the disk, the ladybug
initially walks in the direction of the positive z-axis, and the disk is in the plane z = 0, then,
until the ladybug reaches the edge of the disk, the position of the ladybug is given by

£(t) = (4t cos(wt), 4t sin(wt), 0)

where w = 27/3.
a. [2 points] At what time would the ladybug reach the edge of the disk?

At <he edge : 1Rl 226 (rodius)

\TW) |= l bt (o (wt) + [bt" S (wb) ‘\:) = 4¢
=) 4t = 28 fv-\S‘tz 23/4_}

b. [4 points] Express, as an integral, how far the ladybug will have travelled during the first
six seconds of its journey. Do not evaluate the integral.

6 _,
Arc \ength = 8 |2 ¢\ dt

,_O:'L't) = (4 os(wh) — 4wt SMlwt), 4salwt) © 4wt cos(wt), o)

N

pvodud' vule
2

\—Q_\d:) r 2 k4 cos(wt) — 4wt S'(V\(w’c)) + (45?\/\(\.){:) + 4wt ces(wﬂ)
= | tos (wt) + (bt S (wk) — 32wt Coblwt) Sin(wt)

+ 16 S (wt) + 16 Wt" con (W) + 32wt s (wh) Sinwt)

= 6% (pwt

ITw| = | 1b+16We

b
3 Avc \ewy\\ = So \Il(ﬁ lbwt™ dt

|
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c. [4 points] Provide a sketch of the path the ladybug would travel.

Z %= 4t es(wt),
I 9= 4t Sin (wt)

3 rolation  awund

Me oﬂg‘m with

?wcweas“ms vadiug

d. [5 points] At time ¢t = 6 the ladybug loses its footing and begins to slide across the disk
in the direction of the tangent vector £(6). At the same instant, the lady bug begins to
fly with acceleration described by a(T) = (0,0,7'/10) and initial velocity £'(6). Here T is
the time that has passed since the ladybug lost its footing. Describe the position of the
ladybug for 7' > 0.

F‘(T) : ?os'i‘\"(ov\ ot time V.

Ty = 1) = (24 (ostbw), 24 S (bw), ©)

1

= (24 (65(4T), 24 S (4T), 0) = (24,0, 0)
T

A
3

-
T‘“(o\ = L (b)
= (4 Co5Cbw) ~ 24w SM(bwW) , 45 (bw) + 24 W (o6 (6W), 0)

’l\
pat (b)

= (4 @5(4T) = 6T Stn(4T), 4 SMCAT) + 16T Co(4T), o)



-
F(T) = Yoy + S v w du
Q

T o
= (4, bW, 0) + S (0.0, =) du

Q

Q
= (4, kT, 0) ¥ (0,0, &)
20

Q

= (4, bT, —

290

— = AL
\‘LT\ = Y (®)+* S "L“\A“\

°

T b
= (24,0,0) + g (4, 6K, ?034“

o

>
= (24,0,0)+ (AT, 67T, )

- T5
=\(714f 47T, 16XV, —
6o
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4. [10 points] Match each of the nine sets of level curves below with the appropriate function.

e sin(xy) (R
e sin(z) sin(y) V(¢ *E,(?\anaﬁows on e
e sin(x) + sin(y) \IR
- n Q'
e cos(z)/(x%2 +y? + 1) \ eﬁ\. ? %e
esin(z)/(z2 +y> +1) Vi
o (22 4 y2)1/2 \Y)
e ¢ cos(y) (8
o (1—2H)(1—-14? [
e sin(x + y) ™

722\

AT
)OI
W=2Dz

() (i) (i)

(iv) (v) (vi)

N\ \Q\\§3

:
B i

(vii) (viii) (ix)




Nb\‘e Le,\;e\ carvesS atv AZ(:Qerevt‘\‘ \ﬁUe\S CN\V\O'\‘ Tﬂ'\'QTSQL\“,

Tdea : look ot +the level 0 and {wd o contour wop
wWhidh ™ {As T

e SUy) =0 D %Y= 0, LW, 1T, -

/ \ \,x = March : T
N\

. SIAG) SM) =0 ) SMK) =0 or SUER =0

=) X=0, I, - or ‘3:0,1’\'\,---

—_—

y
1 \“0* ™ the vvwse]\

OG' 3‘NQV\ Contouy W\u?.s

= Moatch : V(.

¢ LK) * St(4) =0 I SM¥) = — SVeY)

3 x=-9, Yyi®, —JE2xR, -

4\‘3/ not @ +we ranqe ol

“

3-(\1 en (ovtpur Maps




CoS(R)

T 30
=0 D W) =0 I x=f_—i’t_

X 1—(—\ 2 .
L no¥ @ twe ranqe ol
1\% 3'(U en (ovtour Maps
— Sx = Matdh - ¢
_-“/L W/.L
* ) - 0 3 Sm(x)=o 3 =0, IT, -~
b PR
X4 | o e e of
T‘ﬁ

3-“‘3“ contvue  maps

—) X

|
> > = =1

‘xiy'iu\"‘-o 3 L+q =0 3D X °

JX '.\1 =\ XL-(-{" =\ * & dwde

A

%)
\_\;K = Match 2 V-




. = = S+ L 430
* € o5(Y) =0 ) covap o 3 '3--3; .17_

%) noY @ thwe ranqe ol
TT/Z qluen Contoue Maps
—) K _
= Match = T
=T/

) 2 0 B =l or gm D XEEL er §EEL

9
|0
\ \ =) Mot = T

¢ SMIXEY) =0 3 XY= o, £t®, XN, -~
Nov @ ‘he ranqe of

\ 3’(\1 en (ovtour Maps

yx = Morda * TV

4\‘3

A
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5. [10 points] Suppose g(z,y) = e¥V~*.
a. [4 points] Find an equation for the tangent plane to the surface given by the equation
z = g(x,y) at the point (3,3,1).

gz L (e¥*) = -e¥ 2 Q- =1
(23

P -% 94K _ )
%-37- —D‘—s'(e% )=€ %%1(313)‘8

The *uwsev\\' plane  eguation 23
2= 903,3) + 32D K-B) 33@.\) (4-3)
v 2= - - k=) + 1 (4= |

b. [4 points] Find the linearization Ly(z,y) of the function g(x,y) at the point (3,3).

LaOhy) = |- I (6=3) F |- (4-3)

)

\

= (=% ¥>+9-3

\—xi-:»)l

L

c. [2 points] Use the linear approximation Ly(z,y) to estimate ¢(2.9,3.1).

4eL9,5%\) X L,au..c\,a.()

= |-2.4+3.\ =|l-2
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6. [15 points] Find or estimate, depending on the type of data provided, the partial derivative
in the = direction and the partial derivative in the y direction at the point (3,2) for each of
the following functions.

a. [5 points] For a function f given by the formula f(x,y) = z2emy”

tw = D L “)=1x€“{-xe‘3‘3

n

‘(‘3 = —‘g (@3 e“ ) %zeab\ ) b“;\

2
.7_" 2 3.2

Ry (XS
) = 1~3~e3 £3.e -2 =|4le

{-.3c%1)-3 e>* 2'5?.-—-

b. [5 points] For a function g described by the data in the table below.

A y 1 2 3 4 5
1 7 8 8 9 9
9 13 16 17 18 19
3 21 %5 28 31 33
4 29 36 40 45 48
5 37 47 54 62 67

Ay (3.2) X Avy. slofe fom C2,2) to (4.22)

94 L) —9c2.2) 36-16

gjcg"z) X AV%. S\OVE Com (3, *o %,3)

T

I

4(3,3) = 43\ 28-21 _[F
3 -\ X z
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c. [5 points] For a function h with level curves as given below.

14§ (
3.0}

2.5F
20\ '\ N8N

1.5}

10"11 1111-
15 20 25 30 35 40 45 50

X

he (22) % Avg. 9\0?9 fom (2.35,2) b (3.2,2)

h(3.2, 2) = W(2.15,2)

3.2 =2.35

= ‘1-& :8—_0
0-4S °\k

hy(3,2) % Avy. slope from (3,1.8) & (3, 21)

he3, 2.0 = b3, -8

()

2.1-(.8

12-& _ 40\
0-3 3

———

"
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7. [10 points] The trajectories for two particles are given by ri(t) = (t2 — 2,#> — 1,#?) and
ro(t) = (cos(wt),sin(nt),t) for 0 < t < 2. Let C; and Cy denote the corresponding space
curves.

a. [4 points] Graph C; and Cs.

%1\ F: k) = (-2, t ), th)
= (=2, o) *+t (L, VD)
Lo / C.
1 ~ the fne Segment Sow
i Ly Feyr (2,0 .0) o F)= (14)
i ott) = (cos(RE), SnlTt), +)
* ~A x’?—{ = (0§ (VE) FEUCRE) = |

2=t Tnorenses as € oreases
~ o Welin own the c«s\m&ev x“*{':\
b. [4 points] Do Cy and Cy intersect? Justify your answer.
We lve TnLk)= o (a)

~ (E-2, TV, L) = (cosCTu), SM(TU), w)

£=l, =l By wW = (=2, 1) = e
X ) = (es(R), SUCR), () = (o)

ﬂ
25 N0 W)

=) \C\ ond Ca ('V\’fefSe(.\‘\

*Uﬂewh\vm’te\s\ the owly Wy solve tUts ?w&:\em
?V\ ‘(‘M‘C SCOVQ Q(' Ma“‘\’\ 1\§ RS b&é W\Q\(T“s o %WQSS'
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c. [2 points] Do the particles ever collide? Justify your answer.

By pat k), we lawow Ty =) .

=) [Twe parfides  collide |

8. [10 points] Suppose P is a plane that contains the points (0, 3,0), (—=3,0,0), and (2,6,1). Find
an equation that describes the sphere centered at the origin that is tangent to P.

Set A =(0,3,0), B=(-30,0), C=(26,1).
AR = (-%,-3.0), AC=(2,31)

A norwmal vedor of +we plone P T

AR ARG = (=3930 % (2,3, \) = &3 33)

The plane eguation [§

—Y(R~0) & 3(Y=») * 3T -0) =0

A =HR DY I -4 =o.
The vodius of e spuere T
e distawe tom (00,0) to
the plave -3x4>y*32-q4=0.

| -3-0¢3-0+¢3-0-4\
— =8

J @+t 2

=) The sphere ecbuo\ﬁov\ S lx‘-a- ‘f-ﬁ- 2" =ﬁ~
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You may use this page for scratch work.




Math 215 / Exam 1 (October 10, 2019) page 13

‘ This sheet will not be graded. Do not turn it in.

o sin?(z) 4 cos?(x) = 1, cos(2z) = cos?(x) — sin?(x), sin(2z) = 2sin(z) cos(z)

1- 2 1 2
o sin?(z) = 1= cos(2z) x), cos?(z) = 1+ cos(2z)

2 2

o cos(m/3) = 1/2, sin(n/3) = V/3/2, cos(n/4) = /2/2, sin(n/4) = /2/2, cos(7/6) = v/3/2 ,
sin(m/6) = 1/2, cos(0) = 1, sin(0) = 0.
o Lsin(z) =cos(z), L cos(z)=—sin(z).

e Volume of the parallelepiped determined by the vectors vi = (a,b,c), va = (d,e, f), and

a b ¢
vy = (g, h,i) is |vy - (v2 X vg)| = absolute value of |d e f
g h i
. . . |Aa+Bb+Cc+D
e Distance from a point (a,b,c) to a plane Az + By+ Cz+ D =0 is %.

e The circumference of a circle of radius a is 2wa.

e The area of a disk of radius a is 7wa?2.

e The volume of a right circular cylinder of radius a and height h is wa?h.



